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(1) $L(x)=- \frac{1}{2}\int_{0}^{x}\{\frac{\log(1-y)}{y}+\frac{\log y}{1-y}\}dy$ $(0\leq x\leq 1)$ .
$L(x)$
(2) $L(O)=0$ , $L(1)= \zeta(2)=\frac{\pi^{2}}{6}$ .
(Section 5 3)
(3) $L(x)+L(1-x)= \frac{\pi^{2}}{6}$ ,
(4) $L(x)+L(y)+L(1-xy)+L( \frac{1-x}{1-xy})+L(\frac{1-y}{1-xy})=\frac{\pi^{2}}{2}$ .
(3) Euler (4) Abel 5
(5-term relation pentagon relation)
2. DILOGARITHM
$X$ simply laced Dynkin
index set $\ell\geq 2$ $\{Y_{m}^{(a)}|a\in$
$I;1\leq m\leq P-1\}$ (constant Y-system)
$\prod(1+Y_{m}^{(b)})$
(5) $( Y_{m}^{(a)})^{2}=\frac{b:b\sim a}{(1+Y_{m-1^{-1}}^{(a)})(1+Y_{m+1^{-1}}^{(a)})}$ .
$b\sim a$ $x$ $b$ $a$ , $Y_{0}^{(a)_{-1}}=Y_{\ell}^{(a)_{-1}}=0$
Theorem 1 (Nahm-Keegan $[’ 08]$ ). (5)
1714 2010 26-31 26
80 Bazhanov, Kirillov, Reshetikhin Bethe
central charage $L(x)$
Conjecture 2 (Dilogarithm $’|^{\backslash }\overline{\underline{B}}$ Bazahnov, Kirillov, Reshetikhin [KR86,
Kir89, KR90, BR90] $)$ . $(5)$ $\{Y_{m}^{(a)}|a\in I;1\leq m\leq$
$\ell-1\}$
(6) $\frac{6}{\pi^{2}}\sum_{a\in I}\sum_{m=1}^{\ell-1}L(\frac{Y_{m}^{(a)}}{1+Y_{m}^{(a)}}I=\frac{l\dim g}{h+\ell}-r$ .
$,$
$h$ $rlf$ $X$ Coxeter rank, $g$ $X$ Lie
$x$ $A$ Kirillov [Kir89]
(6) Wess-Zumino-Witten






2000 Fomin-Zelevinsky $\text{ _{ }}$ (cluster algebra)
(B.C. $=$ efore Cluster algebra)
3. $Y$-SYSTEM DILOGARITHM
90 Dilogarithm Bethe
Zamolodchikov [Zam91], Kuniba-Nakanishi [KN92], Ravanini-Tateo-Valleriani
[RTV93] (5) Y-system
[RTV93] Y-system
$X$ $X’$ simply laced Dynkin diagram $I$ $I’$
index set $\{Y_{ii’}(u)|i\in I, i’\in I’, u\in \mathbb{Z}\}$
( ) $(X, X’)$ Y-system $Y(X,X’)$
$\prod(1+Y_{ji’}(u))$
(7)
$Y_{ii’}(u-1)Y_{ii’}(u+1)= \frac{j:j\sim i}{\prod_{j’:j\sim i}(1+Y_{ij’}(u)^{-1})}’$
.
$j\sim i$ $x$ $i$ $i$ $j^{f}\sim i^{f}$ $X’$
$j’$ $i’$
Conjecture 3 ( Ravanini-Tateo-Valleriani [RTV93]). $Y(X, X’)$
$\{Y_{ii’}(u)|i\in I,i’\in I’,u\in \mathbb{Z}\}$
(8) $Y_{ii’}(u+2(h+h’))=Y_{ii’}(u)$ .
$h$ $h’$ $X$ $X’$ Coxeter
Gliozzi-Tateo [GT95] Conjecture 2
27
Conjecture 4( dilogarithm Gliozzi-Tateo [GT95]). $Y(X, X’)$
$\{Y_{ii’}(u)|i\in I,i’\in I‘, u\in \mathbb{Z}\}$
(9) $\frac{6}{\pi^{2}}\sum_{(i,i’)\in I\cross I’0\leq u}\sum_{<2(h+h’)}L(\frac{Y_{ii’}(u)}{1+Y_{ii},(u)})=2hrr’$ .
Conjecture 4 Conjecture 2 $(X’=A_{\ell-1},$ $u\}_{1}^{\vee}$- $Y_{ii’}=$
$Y_{ii’}(u))$ $(X,X’)=(A_{1},A_{1})$ (9)




Theorem 5 ([Nak09]). simply laced Dynkin $X,$ $X’$
Conjecture 4






$\mathcal{I}$ $\mathbb{R}$ $\mathcal{I}$ $\mathbb{R}_{+}$
$c=e(\mathcal{I})$ abel
$c$ $C\otimes_{\mathbb{Z}}C$ $f\otimes g(f,g\in C)$
(10) $(fg)\otimes h=f\otimes h+g\otimes h$ , $f\otimes(gh)=f\otimes g+f\otimes h$
abel
(11) $1\otimes h=h\otimes 1=0$ , $f^{-1}\otimes h=f\otimes h^{-1}=-f\otimes h$
$s^{2}e$ $f\otimes g+g\otimes f(f,g\in C)$
$e\otimes_{\mathbb{Z}}C$ $\wedge^{2}C:=C\otimes_{\mathbb{Z}}C/S^{2}C$
$\wedge^{2}C$ $f\otimes g$ $f\wedge g$
Theorem 7 ( $\mathbb{R}enkel$-Szenes[FS95]). $f_{1}(t)$ , . . . , $f_{n}(t)$ $\mathcal{I}$ $(0,1)$
$\wedge^{2}C$
(12) $\sum_{i=1}^{n}f_{i}\wedge(1-f_{i})=0$ ( )







2. (9) Y-system $\{Y_{ii’}(u)\}$ Theorem 7
1 ( $F$
) (12)











tropical tropical Y-system tropical
$y_{i,i’}((i, i’)\in I\cross I’)$ subtraction-free
tropical
(13)
$\prod_{(i,i’)\in I\cross I’}y_{i,i}^{a}:f’\oplus\prod_{(i,i’)\in I\cross I’}y_{i,i’}^{b_{i,1’}}=\prod_{(i,i’)\in I\cross I’}y_{i,i}^{\min(a_{i,i’},b_{i,i’})}$
$0$ $\infty$ degree
tropical $\{b$
tropical Y-system Y-system trop-
ical Y-system $u$ tropical
Y-system $I\cross I’$ 1 2 (factorization




Theorem 5 nonsimply laced $[IIK^{+}10a, IIK^{+}10b]$
sine-Gordon Y-system [NT10]
$Y$-system
(cluster category) $[Plal0b$ , Pla$10a]$
Y-system tropical Y-system
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